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ABSTRACT: We construct the non-relativistic counterparts of some well-known supergravity
solutions dual to relevant and marginal deformations of N = 4 super Yang-Mills. The main
tool we use is the null Melvin twist and we apply it to the N’ = 1 and N/ = 2* Pilch-Warner
RG flow solutions as well as the Lunin-Maldacena solution dual to 3-deformations of N' = 4
super Yang-Mills. We also obtain a family of supergravity solutions with Schrédinger
symmetry interpolating between the non-relativistic version of the A/ = 1 Pilch-Warner
and Klebanov-Witten fixed points. A generic feature of these non-relativistic backgrounds
is the presence of non-vanishing internal fluxes. We also find the most general, three-
parameter, null Melvin twist of the AdSs x S® black hole. We briefly comment on the field
theories dual to these supergravity solutions.
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The gauge/gravity duality is a powerful tool for understanding strongly coupled field theo-

ries and it has been applied extensively to a plethora of relativistic conformal field theories

in various dimensions [1, 2]. In condensed matter physics there exist strongly coupled

systems which respect the non-relativistic analog of the conformal group, known as the



Schrodinger group. Recently it has been shown that one can realize certain gravity solu-
tions which are invariant under the Schrodinger group and thus extend the gauge/gravity
duality to non-relativistic systems. This provides a new opportunity to apply holographic
techniques to condensed matter systems.!

The celebrated example of gauge/gravity duality (in its weak form) is the equivalence
between classical type IIB supergravity in AdSs x S° background and the large 't Hooft
coupling limit of the planar AN/ = 4 super Yang-Mills (SYM) theory. It has been further
realized that this correspondence can be extended to a large class of deformations of N' = 4
SYM which possess less global symmetry and supersymmetry. These include relevant de-
formations [28, 29] triggered by turning on certain mass terms for the adjoint scalars? and
the marginal 3-deformations [30, 31] corresponding to deformation of the ' = 4 superpo-
tential. It seems natural to look for non-relativistic cousins of these gravity solutions and
this will be our goal in this note.

Gravity solutions invariant under the Schrédinger group were first constructed in five
dimensions [3, 4] and later embedded in ten dimensions by performing a null Melvin twist
on the familiar AdS5 x S® solution [8-10]. The null Melvin twist [32, 33] is a solution
generating technique which can be applied to any solution of ten-dimensional supergravity
with one compact and one non-compact U(1) isometries. It consists of performing a boost,
T-duality, shift, T-duality and another boost. If the compact manifold has at least U(1)3
isometry (which is the case of S°) one can generalize this transformation by allowing three
independent shifts along the three independent U(1) directions. Using this we obtain the
most general null Melvin twist of the AdS5 x S° black hole solution. When all three shifts
are set equal the background reduces to the one found in [8-10] and at zero temperature
the background is invariant under the full Schrédinger group.

We also exploit the null Melvin twist to generate holographic duals to the non-rel-
ativistic version of N/ = 4 SYM deformed by relevant and marginal operators. There
are two RG flows that have explicit ten-dimensional gravity duals. The solution of [34]
corresponds to an N’ = 1 supersymmetric RG flow triggered by a mass term for one of
the three complex chiral superfields of N' = 4 SYM. This solution flows to an N' = 1
superconformal fixed point in the IR and the gravity dual of this conformal fixed point
was originally found in [35]. The other type IIB background that we consider is dual to
the N/ = 2* supersymmetric RG flow induced by turning on masses for two of the chiral
superfields of N' =4 SYM. The gravity dual of this flow was found in [36] (see also [37]).
In the infrared it does not flow to a fixed point, instead there is a particular distribution
of D3 branes which is interpreted as the Coulomb branch of the gauge theory.? We also
find the non-relativistic generalizations of the one parameter family of gravity solutions
interpolating between the Klebanov-Witten(KW) point [38] and a Zs orbifold of the Pilch-
Warner(PW) [35] fixed point [39]. Finally we consider the non-relativistic cousin of the
Lunin-Maldacena solution [31] dual to the S-deformation of ' = 4 SYM. All these solutions

!See [3]-[26] for a sample of recent work and [27] for a review and a more complete list of references.

2See [2] for a review on holographic RG flows and a more complete list of references.

*We will make a slight abuse of language here and use the term non-relativistic Coulomb branch flow to
describe the non-relativistic version of the Coulomb branch RG flow of the SYM.



have at least one U(1) isometry on the compact manifold and we find their non-relativistic
versions by applying the null Melvin twist along this U(1). An important general feature
of the solutions of [31, 34, 36, 39| is the presence of NS and RR fluxes on the internal
manifold. The null Melvin twist preserves these fluxes and to the best of our knowledge
the solutions in section 4 and section 7 are the first examples of gravity backgrounds with
Schrodinger isometry which have non-trivial internal flux.

It is worth mentioning that an RG flow geometry which flows from a relativistic fixed
point to a non-relativistic Lifshitz-like fixed point has been constructed in [26]. In contrast,
the RG flow background discussed in section 3 interpolates between two vacua invariant
under the Schrodinger symmetry.

It should be noted that there is no known finite temperature version of the ten-
dimensional N' = 1 and N' = 2* PW solutions, so we refrain from addressing finite
temperature aspects of the geometries dual to the non-relativistic RG-flows.? The finite
temperature Lunin-Maldacena solution is well known and we find its non-relativistic ver-
sion by applying the null Melvin twist. It will be interesting to analyze the thermodynamics
of this background and understand if the marginal deformation affects certain transport
coefficients in the dual field theory.

We start in section 2 with a review of the Schrodinger symmetry and its dual realization
in type IIB supergravity, we also construct the most general null Melvin twist of AdSs x S°.
We introduce the PW background in section 3 and in section 4 show that the Melvin twisted
PW background possesses the Schrodinger symmetry in the UV and the IR. Section 5
contains the non-relativistic version of the family of fixed points interpolating between the
Zo orbifold of the PW fixed point and the KW fixed point. In section 6 we discuss the
non-relativistic version of the N’ = 2* Coulomb branch RG flow solution. We apply the
null Melvin twist to the Lunin-Maldacena background in section 7 and in section 8 we
present some comments about the field theories dual to the geometries that we construct
via the null Melvin twist. Section 9 contains some concluding remarks and open problems.
Various technical details are presented in the appendices.

2 Schrodinger symmetry

2.1 The algebra

The symmetry group of the Schrodinger equation in flat space is known as the Schrédinger
symmetry. The corresponding algebra is generated by spatial translations P?, temporal
translation H, spatial rotations M%, Galilean boost K* the dilatation operator D, a
special conformal transformation C' and the Galilean mass M. The explicit form of the
algebra is given by the following commutation relations (i = 1,...,d, where d is the number

4There was some work on the finite temperature N* = 2 PW solution in [40], however the explicit ten
dimensional solution is not known.



of spatial dimensions)
{Mij’Mkl] :i(éiijer silpik _ sil ik _ 5jkMil> 7 [Mijjpk] _ i<5ikpj_ 5jkpi) 7
[MU, Kk] :z'(aikKj— 5ij@-> . [D,Pi|=—iP', [D,K|=iK', [D,H]=—2H
[P K7] = —is" M , [D,C] = 2iC, [H,C] =iD. (2.1)

The last two commutation relations involving the special conformal transformation gen-
erator C' can only be included when the dynamical exponent, characterizing the different
scaling of space and time, is 2. In this case, also the commutator [D, M] = 0. Therefore
the states are simultaneous eigenstates of the dilatation and the mass operator.

The Schrédinger algebra in d-spatial dimensions can be obtained by the light cone
reduction of the relativistic conformal algebra in (d + 1)-spatial dimensions. This can
be intuitively understood by noticing that the light cone reduction of the massless Klein-
Gordon equation (which is conformal) gives the Schrodinger equation in free space, we refer
to [3, 4] for further details. Here we will be interested in the case d = 2, i.e. non-relativistic
field theories in 2 + 1 dimensions.

2.2 The dual geometry

In [3, 4], a corresponding five-dimensional gravitational background was constructed which
possesses the Schrodinger isometry group in two spatial dimensions. It was further realized
in [8-10] that it is possible to embed this geometry in ten dimensions. This can be done
by applying a solution generating technique, the null Melvin twist, to the well-known
AdS; x S° background (in the Poincare patch) [32, 33]. Here we will apply the most
general null Melvin twist and generalize the background found in [8-10].

We start with the planar AdSs x S° non-extremal black hole solution in string frame
(The radii of the AdS5 and S° are equal to L)

L2 ’

ds® = L*r*[—F(r)dt® + dy?® + dz? + dz3] + 2R () dr® + L* thl(d,ul2 + p2dep?), (2.2)

Fis) = LA(r3dt A dxy A dzy A dy A dr 4 sin® 9 cos 9sin € cos Edd A dE A dpy A dpa A dips)
(2.3)
where
U1 =cosd, o = sindd cos £, 3 =sindsiné,
and
a

The coordinates on S° are chosen such that the U(1) isometries along ¢; are the U(1)3
Cartan subgroup of SO(6). Now we can apply the null Melvin twist to this background.
The procedure is straightforward to implement and amounts to the following operations:
first we boost in the (¢,y) plane with parameter ~y, then we perform a T-duality along y,
then we shift all three Cartan angles of S® by ¢; — ¢; + a;y, then we perform another



T-duality along y and finally we perform an inverse boost in the (¢, y) plane with parameter
—o and take the limit a; — 0, 79 — oo such that a; cosh vy = a;sinh vy = finite. We also
define 1; = a; cosh~yy = a;sinh~y. Note that we are doing something a bit more general
than the transformation in [8-10] where the case a; = ay = a3 was considered which
corresponds to null Melvin twist along the Hopf fiber of S°. One can think of the third
step of the null Melvin twist as three simultaneous shifts in all three Cartan directions
(or a TsssT transformation for short [31, 41]). This general null Melvin twist generates a
metric of the form

2

L
d 2
2FE(r)

ds? — [272 [_TQF(V")QW €) (dt + dy)? — [F(((:))dtQ + d?(/ )

3 2
(Z LPn;? dgoz> , (2.4)
i=1

as well as an NS two-form and a non-trivial dilaton given by

+ da? + de}

3
+L2Y  [dpf + pide}] —

1
By = (Z ML dgpl> (F(r)dt + dy), O(r) = —5 log K (r), (2.5)
where we have defined®
r 4
K(r):1+ﬁq(19,§), and =L an,uz .

The self-dual five-form flux F{5) remains unaffected. This is the most general null Melvin
twist of the non-extremal D3 brane solution of which we can now take various limits.

First let us consider the zero temperature (extremal) limit which amounts to setting
r4 = 0. The background simplifies to

L%q(9, L? -
ds® = —%dzﬁ + = (—2dudv +dx? + dad + sz) + L2 Z(duz + pidey)

L2
B = (Z Nifs dgpl> Adu (2.6)

where we have defined new coordinates
1
-

1
u=t+y, v=g(t-y, z= (2.7)

2

The dynamical exponent of the solution, v, parametrizes the different scaling of time and
space in the dual non-relativistic theory and is determined by the g, term in the metric,
Guu ~ 27 2. Our solutions have v = 2, this is expected since only non-relativistic systems
with v = 2 admit the full Schrodinger symmetry. Indeed, following [3], one can verify
that the background above has the full Schréodinger symmetry. The generators of the

SFor generic values of 7; the function K depends on ¥ and &, for brevity we will denote it just by K (r).



Schrodinger algebra are given by the following isometries of the metric (e and ¢; (i = 1,2)
are infinitesimal parameters)

Pz —xi+e, Hiu—u+te, M:v—v+e, (2.8)
Ki:xiﬂxi—eiu, v—v—¢€x;, Mpoo:x1 —x1+€xs, To— xo—€x,
D:zi—(1—¢€x;, z—(1l—¢€)z, uw— (1—eu, v—w,

C:zi— (1—ew)z;, z—(1—eu)z, u— (1 —eu)u, vﬁv—g(xixi—l—f).

One can easily check that the zero temperature background above is invariant under these
infinitesimal transformations. Alternatively one can show that the five-dimensional non-
compact metric has nine Killing vectors and their Lie brackets close under the Schrédinger
algebra. It should be possible to construct generalizations of the solution (2.6) with different
dynamical exponents, v > 2, along the lines of [15], the field theories dual to such solutions
will not be symmetric under special conformal transformations since these are present only
for v =2 [42].

It is interesting to consider also the case n = n; = 12 = 13, then the extremal solution
simplifies even further to

L67’]2 L2
ds®> = — 1 du® + — (—2dudv + dx3 + da3 + dz2) (2.9)
z z
9 , sin’pu . o sin? pcos®p sin? p 2
+12 (dpt + S o o) + T G (g Ty
L?n sin? p

where the metric on S® has been written as a Hopf fiber® over CP?, ¢; are the left invariant
SU(2) one forms

01 = cosag daq +sinaq sinag das
09 = sinag daq — sinay cos ag das , (2.11)

o3 = dag + cos g das ,

and 1 1
_ .2
J = §d.A: 1 d(sm MO’g)

is the Kéhler form on CP?. This is the type IIB background constructed in [8-10] and as we
already emphasized it is a special case of the more general null Melvin twist of AdSs x S°
given in (2.4), (2.5).

The Galilean mass in the Schrédinger algebra, M, can be thought of as the number
density in the non-relativistic field theory and is identified with the momentum along the
compact v direction, P, = RMU’ where R, is the radius of the v circle [8-10]. The black
hole solution after the twist has entropy, temperature and a chemical potential conjugate
to P,. In addition to that we have the three deformation parameters 7; representing the

SWe refer to appendix D for the explicit coordinate change.



freedom to choose the twist parameters for the three possible U(1) isometries which are
global symmetries in the dual field theory. The overall scale associated with these three
twist parameters is related to the chemical potential. In the case in which all three 7,
vanish we have a DLCQ of AdSs (or AdS5-BH) corresponding to zero number density -
i.e., no particles in the non-relativistic theory [10].

An important feature of the general null Melvin twist is the appearance of the func-
tion (v, €) in front of du?. For generic values of 7; this function is positive definite and
thus there are no singularities or causal pathologies [43, 44]. However for special choices
of n;, q(¥,§) may have zeroes. We have checked explicitly that the curvature of the ten
dimensional solution is finite for all values of 7;. Functions which depend on the internal
manifold do appear in the g,, component of the metric in some of the solutions analyzed
n [15], however in [15] these are eigenfunctions of the Laplacian on the internal manifold
and thus necessarily change sign, which may lead to problems with stability and causality.”

The zero temperature background in equations (2.2), (2.3) before the general null
Melvin twist has 32 Killing spinors (and thus 32 supercharges) and one can show that
for generic values of 7; none of these Killing spinors is preserved by the non-relativistic
background given in equations (2.4), (2.5). However there are special values of n; for which
some supercharges are preserved [42].

3 The Pilch-Warner flow

We start with the Pilch-Warner flow solution presented in [34, 46]. We use the metric
in [46] since it is written in a more convenient way. Note that for convenience we make a
shift of o3 as compared to [46], namely Ugere — O.g)here + d¢ . This makes the coordinate ¢
the U(1) R-symmetry direction and the vielbein is

Ml = Qeldat, uw=20,1,2,3,
e’ = Qdr,
Qp? 3 1
S = 7'01 [( . Ecos2t9> do + 5(:082903} ,
Q
e = L———df, (3.1)
pcosh x

Q 1—pb 1 1—p°
ed Lmsin00089[<g+ le (1—;(30829)) d¢—§< — le c0829> 03],

e) = L% cosf o1,

el = L% cosf ooy,

where

X = cos®> 0+ pOsin? 6,
(cosh )()1/2X11/4
Q= TE . (3.2)

"We thank Mukund Rangamani for useful comments on this point.



The functions p(r) and x(r) are the two supergravity scalars that trigger the flow and
o; are the SU(2) left-invariant one forms explicitly written in (2.11). There is a non-zero
complex two-form potential

B = %sinh x(e" —ie®) A (2 —ie'?),
where the NS and RR 2-forms are given by
B(Q) = RG(B), C(Q) = Im(B) . (3.3)

The self-dual five-form flux is given by

Fis) = (1+%)da® Ada' Adz® A da® A (wp(r, 0)dr + we(r, 0)d6) (3.4)
where
wy(r,0) = % cosplf X [(cosh(2x) — 3) cos? @ + p®(2p8 sinh? y sin? # + cos(260) — 3)],
oAA
wy(r,0) = 57 2 cosh? x + p®(cosh(2x) — 3)] sin(26). (3.5)
The scalar flow has two critical points:
1) AdSs5 x S°, this is the UV critical point given by x =0, p =1 and A = % = L;V.

2) AdSs x Xpyw, this is the IR critical point (Pilch-Warner fixed point) and is given by
log(3) 1 25/3 1 T
X=79 0 F o 3 L Lin

Note that as required by the holographic c-theorem [28] the radius of AdSs decreases

along the flow
Lip 3
— = —= ~ 0.944941 .
Tov 253 0.9449
The metric of this RG flow solution is SU(2) x U(1)4 x U(1)s, invariant, however the

complex two form breaks this down to SU(2) x U(1)4 because
B~ (0, —iog) ~ e 1 (3.6)

Since the background along the entire flow is manifestly SU(2) x U(1)4 invariant one can
easily apply the null Melvin twist along the two U(1) isometries y = x3 and ¢. This is
done explicitly in appendix A.

It is worth noting that U(1), is not the Hopf fiber and one can show that at the UV
fixed point the particular null Melvin twist that we apply to the PW solution corresponds
to the following choice of the twist parameters

n
m=n, 772:_52773- (37)

The full RG flow solution after the null Melvin twist is not particularly illuminating so
we present its explicit form in appendix A and we proceed with a discussion of the non-
relativistic version of the flow geometry at the fixed points.



4 Fixed points and Schrodinger symmetry

The supergravity scalar flow after the twist still has two fixed points and as we show in
this section the supergravity backgrounds at these fixed points posses the full Schrédinger
syminetry.

4.1 UV fixed point

As mentioned in the previous section, at the UV fixed point we have

p=1, y=0, Q=1, X;=1, A= (4.1)

r
T
The metric, after the null Melvin twist, takes the form
ds?y = —L%e'/E (1 - % cos? 9) [n(dt + dy))? — ¥/ (dt — dy)(dt + dy)
+e2 L (dx? + da?) + dr? + L2ds?y,
where dsQUV is the metric on the S® and is given by

cos?f, 5 o sin?fcos?f

9 9 9 3, cos20 \°
dsiry = do*+ (01+02)+f(3d¢—03) + 1—§COS 0| do+ 503
(4.2)
The NS two-form is
29
By = L2 /b ((1 — % cos? 6) do — COZ 03> A [n(dt + dy)] . (4.3)
Now define new coordinates
u=(t+y), v (t—y), z=eb, &=Ly, By =L "z, .

T 212

In this coordinate the metric and the B-field becomes

3 2 1
ds?y = L? <— <1 ~1 cos? 9> %du2 + po) (—2dudv + dz7 + da5 + dz2)> + L%ds?y.
nL? 3 cos? 0
B(Q) = 7 <<1 — Z cos” 0 dqb — 4 o3 | A du. (44)

The RR sector in the UV is completely invariant under the null Melvin twist.

Note the appearance of a function of § in front of the du® term in the metric. As
noted before, this can be traced back to the fact that we did not use the Hopf fiber of S®
for the null Melvin twist. It is obvious that the function in front of the du? term in the
metric above is negative definite. Therefore there are no spacetime pathologies related to
causality and instability of this background [43, 44]. As expected the dynamical exponent
of this solution is 2.



4.2 IR fixed point

Now we move to the analysis of the IR fixed point. This fixed point is given by

log 3 25/12 ,
_ol/6 _ 108 _ 2 p\1/4 _ 2 _
p=27" X=— Q—31/4(1+51n 0)"/*, X| =1+sin"0, A—LIR,
where 3
The metric has the form

1+ 3sin?6\ n? 1 R .

cos2fsinf  du

22— 01— ds? 4.6
n1+sin29 0122]+ SPW (4.6)

where again we have defined new coordinates

u——24/3(t—|— ) v——32 ——(t—1y) y=¢ "in 4 — 71y fo = L7l
= Yy), _24/32L%R Yy), - ) 1 — Hiptls 2 = Lp+t2,

and ds%,;, is the metric on the deformed S® at the Pilch-Warner fixed point® and is given by

5

¥
dshy = L2~ (1 4 sin®0)2 lzcw? v
i

2

cosZ 6

sin? 0 cos? 0 ( o3 ) 2
1 +sin?6

(1+sin26)2 \ 2

2
16 1 3, cos26 1\’
2 = ((1-2cos?0)d (47

+3(1+sin29)2<< 9 % ) 0T 03>] (47)

We again note that the function in front of the du? term in the metric is negative definite,

(0? +03)+8

hence the IR fixed point is also free of spacetime pathologies. The NS two-form is
B3y = B1 + Bpw ,

where By is the piece of the B-field generated by the null Melvin twist

7
25 1+ 3sin*6 cos? 6 du
By =nL?,— — A—, 4.8
1= MoIRg <1+sin29 1+sin2903> 22 (48)
and Bpyy is the usual internal B-field of the Pilch-Warner fixed point solution [35]
4
23 cos? 0 sin 1 cos 6
B =, | ——— | dp— = A do N . 4.9
PW = 33 IR|:1+Sin29 ( ¢ 203> o1+ — 02} (4.9)

The five-form RR flux is modified by the null Melvin twist and takes the form

du (1 + 3sin* 6 cos? 6

7
- 23
Firy = F L2, = (1 — A — A dCo . 4.10
®) () +1EIR 3 (14%) 22 1 +sin%6 1+ sin®6 03> @) ( )

The RR two-form C,) remains unchanged.

8This fixed point solution was originally found (in slightly different coordinates) in [35], see also [45].

,10,



It can be checked that background metric (4.6), the NS two-form (4.8) and the RR
five-form (4.10) at the IR fixed point are invariant under the Schrédinger symmetry (2.8).
However there is a new interesting feature. Recall that the null coordinate u is identified
with the time coordinate for the non-relativistic field theory. Therefore the off-diagonal
term in the metric between u and o; can be interpreted as a rotation along the compact
o1-direction. The presence of this term can be traced back to the fact that we had non-zero
NS flux in the solution before the twist. It will be interesting to understand the meaning
of this rotation term from the point of view of the dual field theory. It will be quite
interesting to see if this Schrédinger invariant ten-dimensional solution can be reduced to
five dimensions and understood as a solution to some effective five-dimensional equations
of motion. It is not immediately clear to us that this is possible and we will think of the
whole RG flow solution and the IR fixed point as purely ten-dimensional.

The metric of the relativistic Pilch-Warner flow geometry has an U(1) isometry which
rotates o in to oy (this is the U(1)a, ), however, this is not a symmetry of the background
because of the non-zero two-form (3.6). The null Melvin twist enhances the breaking of this
U(1)qs by generating an off-diagonal term in the metric. This enhanced symmetry breaking
is present everywhere along the flow and at the IR fixed point but vanishes in the UV.

The dynamical exponent of this solution is v = 2, so we see that along the RG flow the
dynamical exponent is invariant. It should be possible to find similar gravity solutions with
different dynamical exponents along the lines of [15]. To do this one should make a more
general ansatz with g,, ~ 2~2” and solve the equations of motion. Due to the presence of
internal fluxes this will be a non-trivial task.

5 Family of non-relativistic fixed points

There is a one parameter family of supergravity fixed point solutions, [39], which interpolate
between the Zy orbifold of the PW fixed point [35] and the AdSs x T(1:1) solution discussed
by Klebanov-Witten in [38] and originally found by Romans [47]. These solutions are
gravity duals to a family of N’ =1 conformal quiver gauge theories which can be thought
of as IR fixed points of mass deformations of a Zs orbifold of N'=4 SYM. An interesting
feature of the interpolating family is that the axion-dilaton vanishes at both the PW and
the KW fixed points but has a non-trivial dependence on the coordinates of the internal
manifold for all interpolating solutions. Here we will apply the null Melvin twist to the
family of solutions in [39] and generate a new family of non-relativistic fixed points invariant
under the Schrodinger symmetry. We should note that the analytic form of this family of
solutions is not known, however in [39] numerical solutions to the supersymmetry equations
were found and it was shown explicitly that they interpolate between the KW and PW
solutions. More details on the solutions of [39] are given in appendix B.?

The structure of the metric and the two-forms given in appendix B is almost identical
to the ones for the PW flow solutions from section 4. The only difference is the dajdas
term in the metric which was not present in the PW solution, however one can show that

9Note that we use“hats” e.g. fi, l;i, to indicate that these are different functions from the one used in
appendix A.
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this term does not modify the result of the null Melvin twist so we can easily find the
non-relativistic analog of the family of fixed points found in [39]. Since we have gravity
duals to a family of fixed points the function A(r) is simply

r
Alr) = —, 5.1
)= 7 6.1
the constant fy defined in [39] can be written as
95/3
fo= 3 (5.2)

The null Melvin twist modifies the metric and the B-field and leaves the dilaton invariant

240 du® 1
—"Lf;* T+ o (C2dudv + did +dif + d2?)
IR

b d
o1t 01—u> +ds?,

dsiy = Q2L%R (

L?,cosag 22

B = N (fade + foos) A Z_Z + B(2)int ; (5.3)
where
sty = fsdf® + fi dad + 2fy dardas + fo dad + f3 daj
+f1d¢” +2f5 dazdas + 2f5 dazdg + 27 dazd, (5-4)
and

Bayint = b1 dp Aday + by dag A day + by dag A day + by dO A da
+b5 dO A day + bg do A dag + by das A day (5.5)

Again we have performed the change of variables

1

u=(t+y), V=5
2L%,

(t—1v), 2= e /LR , 1 = L;}%xl , Tog = L;}!}zlﬂ? .
The RR two-form is invariant under the null Melvin twist and the self-dual five-form
transforms to

F(5) = F(5) +n(1+ %) <9262Adu A (f4d¢ + fﬁdag + f7d0¢2>) . (5.6)

PP b
Note that the functions fy, fg, €2 and L depend only on 6. Their analytic form is
cos a3

not explicitly known for the whole family of fixed point solutions (they are known at the
KW and PW points). However one can find numerical solutions for them [39].

The construction above shows that there is a one parameters family of supergravity
solutions with Schrodinger symmetry interpolating between the non-relativistic cousins of
the KW and PW fixed point solutions. It should be noted also that the function in front of
the du’-term in the metric, denoted by (—Q4 f4), is negative definite ensuring the absence

spacetime pathologies for all backgrounds in the interpolating family.
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5.1 The non-relativistic Klebanov-Witten point

At the KW point the background simplifies significantly and we have

bi=¢ =0, 02 =%, (5.7)
one finds also that
Fa= L1l fo = ——L nfi?cost . (5.8)

The metric and the B-field are then

d2—25/L T+ L (Codudv + di? 4 di2 + d? d
s10 = —qdu® + 5 (“2dudv + dit+diy + d2?) )+ dsiy,

31/2
211/6 5 du
where
25/ 2 4sin®0 5, 3+cos’l 4cost 2
dslnt 33/2 d9 +COS 90'1—|— 2+md¢ +T<O'3—md¢> (510)

As expected from the general calculation about the whole family of fixed points this solution
is invariant under the Schrodinger symmetry. Note that there is no off-diagonal odu
term in the metric and the coefficient in front of du? is a constant. There is a further
simplification in this solution since the internal NS and RR fluxes vanish. These features
are due to the fact that the internal manifold is 7Y | which is a Sasaki-Einstein manifold
and the coordinate ¢ used for the null Melvin twist happens to be the U(1) symmetry
corresponding to the Reeb vector [8-10]. It is also possible to find the finite temperature
version of this solution by putting a Schwarzschild black hole in the AdS5;. Due to the
complications arising from the presence of internal fluxes and the non-trivial dilaton the
finite temperature solutions for the rest of the family of fixed points are not known.

6 Non-relativistic Coulomb branch RG flows

It is natural to consider the null Melvin twist of RG flow solutions which do not flow to a
fixed point in the IR. One such example for which the type I1B solution is explicitly known
is the RG flow solution dual to N' = 2* SYM found in [36]. This geometry is dual to a
particular mass deformation of N' = 4 SYM and the field theory flows to the Coulomb
branch. The background has internal NS and RR fluxes and is thus different from the
non-relativistic Coulomb branch gravity solutions discussed in [15].

The background geometry, in the notation of [36], can be written as

2(eX1X )1/4 d6? p6 o? a2+a sm 20
ds? = 02ds? - +ds2 d2:a_(012 0s2 0 271093 do?
s Slatdss, Gs5=5 3 PRI X2 X )T,
¢ = cosh 2y, 0 = (0172), X, = cos? 0+ p® cosh 2y sin? 0,
P
X, = cosh 2y cos® 0+ pSsin? 6, (6.1)
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where ;s are defined in (2.11) and @ = v/2Lyy. The metric has SU(2) x U(1)23 x U(1),
isometry, where U(1)a3 refers to rotating oy to o3. As usual the dilaton-axion field can be
written as a complex scalar field A = C(g) + ie~® with

1/2 1/2
A :z<1—_b> . b= D U O e2i¢ (6.2)
1+5b 01/2X11/2 +X21/2

This clearly breaks the U(1), and we are left with SU(2) x U(1)23 isometry.
The background also has non-zero RR and NS forms C'3),C(4) and B(y) given by

B(g):€i¢ (% d@/\dl—i-% 0'2/\0'34-% O'1/\d¢> ,

2 2 64: h(2 2 o h(2
a; = —ia—tanh(2x) cosf, as :i% %fﬂ sinf cos®0, az= EW sinf cos?6 ,
B(g) =Re[B(y)] , Cz) = Im[B(y)],
X
0(4) = €4Ap—21dt ANdxy Adxg Ndy. (6.3)

It is clear that the two-form potentials also break the U(1)4-isometry.

The UV fixed point is obtained by setting x = 0 and p = 1, where A(r) = r/L. To
perform the null Melvin twist we choose a U(1) subgroup of the SU(2) isometry along the
coordinate ao. The metric after the twist is given by

ds® = —hQ1eM [n(dt + dy))? + Q%> [~ (dt + dy)(dt — dy) + dx} + da3] + Q*dr®

+20%e*4n (dt + dy)X )y + ds? (6.4)
where
h = a_2 (X1 X )1/4 p> cos? @ Lsin2oz sin? a3 + € (sin® vy cos® ag + cos® ay)
3 142 e 1 3t X, 1 3 1)
2 . . 0 0
Ya) = az sinh(2x) cos 0 [Sin o sinag <(:0211n((2?x) B ¢S;12 o8 dqﬁ)

_% sin € cos 6 sin ¢ (sin v cos azdasg + sin ag cos aldal)] .(6.5)
1

The NS-NS two-form becomes

E(Q) =Re [8(2)] + QQBQAF(U An(dt + dy),

2 1 1
Loy = % (cX1X2)1/4 p° cos? 6 CC;S(;MdOég + sin v cos a3 sin arg (— — —> dal}l—hdag .

1 CX2 X1
(6.6)
And finally the RR forms are given by
A=,
Croy = Im [By)] + Co)Say A (dt + dy)
C(4) = 0(4) — QQBQAC(Q) A F(l) An (dt + dy) . (67)
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From the definition of h in (6.5), it is clear that h is a positive function'”

except at
0 = 7/2 and hence the corresponding non-relativistic background is again free off spacetime
pathologies. At 6§ = /2 we have gy, = 0, one can check however that the curvature is
finite at this point so nothing dramatic happens to the ten-dimensional metric.

At the UV, the twisted background takes a pleasingly simple form
ds®> = L* | — lcos2 0 n—2du2 + 1 (—2dudv + di? + di3 + sz) + L2ds?yy,
4 24 22 ’
1
dstyy = do? + 1 cos® 6 (O‘% + 02 + 032,) + sin? 0d¢? ,
~ L? (1
By = 772—2 <Z cos? 6) (dag + cos ardas) A du,

L? o
Cuy = ;dt ANdzy N dzg Ndy . (6.8)

This background is invariant under the Schrodinger symmetry and is a special case of the
general null Melvin twist of AdSs x S° discussed in section 2 with

m =20, 772=—77352 . (6.9)

As mentioned above the gy, component of the metric has a zero at § = 7/2, however the
curvature of the ten dimensional solution is regular at this point so the background does
not have physical singularities. We want to stress again that the main difference between
the Coulomb branch solutions presented in [15] and the solution constructed above is the
presence of the off-diagonal terms in the metric and the non-trivial C(3) and By fluxes
along the flow. The Coulomb branch solutions of [15] are non-relativistic cousins of the RG
flows in [29], whereas what we have here is the non-relativistic version of the solution in [36].

Although the N = 2* RG flow does not lead to a fixed point, the parent relativistic
flow has a rich structure in the moduli space leading to the presence of the enhancon locus
discussed in [48, 49]. In the relativistic case, this is obtained by probing the background
geometry with a probe D3-brane which spreads out into the enhancgon locus. Similar com-
putation is directly amenable for the Melvin twisted non-relativistic background, however
its dual field theory interpretation is unclear to us at present.

7 Non-relativistic Lunin-Maldacena solution

The last background to which we will apply the null Melvin twist is the Lunin-Maldacena
deformation of AdSs x S° [31]. The background is obtained from the extremal (or non-
extremal [50]) D3 brane solution by applying S-duality, a T-duality a shift and another
T-duality (TsT transformation) on two of the U(1) isometries of S® and then one more
S-duality. The resulting solution (at zero temperature) is dual to the exactly marginal
deformation of ' = 4 SYM discussed in [30]. There are three U(1) isometries on the S°

19The functions cosh(2x) and p = e*(") are always positive for real x(r) and real a(r). The family of
different solutions for {x(r),a(r)} represents different flows to the N = 2% gauge theory in the parent
relativistic version. We refer to [36] for more details.
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which survive the TsT transformation so in principle we can generate a three parameter
non-relativistic background by applying the general null Melvin twist discussed in section 2.
We will however restrict to the case of null Melvin twist along the Hopf fiber direction
which corresponds to the choice 171 = m2 = n3 = n. The complete untwisted Lunin-
Maldacena solution at finite temperature is presented in appendix C, we refrain from
presenting the detailed steps of the null Melvin twist and give just the final solution.
We would like to point out that we consider the Lunin-Maldacena solution with complex
deformation parameter [ = v — io, the special case of real deformation (known also as
~-deformation) can be obtained by setting o = 0. In the case of real deformation one does
not have to apply the S-duality and the background is obtained by a TsT transformation of
AdS5 x S°. We denote the metric and all the fields in the solution after the twist with a tilde

~92 2H1/2L27’2F F

dsg = HV202% | - D2 (dt 4 dy)? - di? + ——dy? + da? + d

Sﬁ H r 1+/€f4 ( + y) 1+K/fi + 1+ f4 Y + xl + $2
a ——— (Fdt+dy) (bydp+b, day +bydos +bsdas)|+( fo+ by A
Fré 14k f4 Y H 1T bty bza03 0 1rf] i

R\ [ KR ) <02 1)
M2 JT ) d 2 ! Y3 J6 /) d 2
(1 n f4> a1+<f2+ ey ) 0‘2+<f3 ey > %

fi o, 2f7 2fé ;. E(b5Ys — f6f7)
2 MPPs — JeJT)
+1+ 7 dy* + T hfl dwdag—i- ] dipdag + 2 | f5+ T rf] dandas
2K
+— Trnf, [b' biduday + bybydudas + bbydudas + by bydaydasg + b b daldag} (7.1)
4

The B-field has two pieces - B, which is generated by the Lunin-Maldacena transformation
and has legs only along the compact manifold [31] and By, which is generated by the null
Melvin twist

Bgy = Be + Byc (7.2)
where
H1/2L2 2
Bue = ————T(Fdt + dy) A (fydt) + fdos + fidas),
1+ kf}
bl I / /
B, = dy N dp ~dyp Nd a—l— ~dp N d a—l— ~dy N da
14+ k f4 f4 ! f4 ? f4 ’
f6> </ 1f6>
+(by + 20 du N das + (b5 + daq A da
<4 Tnf] 3 5710 wf] 1 3
k(b5 f5 — b3.f7) 0f7 1f7
by + —=="—2"L Jdag A d dp N da dog Ndas . (7.3
(o S0 oo 4 {5t s o,
The dilaton is
~ 1 1 GH?
=0 ——In(1 D=-In—— ) . 4
s+ wf) =3 (12 (7.4
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After the null Melvin twist the RR potentials become

= Q _
Co) = Coy = 5,¢ " (7.5)

_ 9 nTGLQHl/Z
Cpy =0C -
2 @+ He¢ + fiPLPHY 2t
672141/2
~ nr°L“H
Cuy =0C Ca) A
W = S O N T et

(Fdt + dy) A (fidx + fedos + frdaz), — (7.6)

(Fdt +dy) A (fidy + fidas + fidas)

L47°4
L0

1
[b'odu + bydaq + bydag + bgdag + 304 <w1d,u + §w2da1>

1 1 1
+yL*G <—M?(u§—u§)da3+ (5#%#34'5#%#%—#%#%) dazﬂA(dtery) Adzy A das .

2
(7.7)
In the above formulae we have defined
Ti 1/272 2Ti
F(r) = -0 n(r):H/Lnﬁ. (7.8)

For 8 = 0 the background reduces to the null Melvin twist of non-extremal D3 brane
solution along the Hopf fiber found in [8, 10] and presented in section 2.

By putting r, = 0 we get the non-relativistic zero temperature Lunin-Maldacena
solution. As advertised above, it is invariant under the Schrédinger symmetry and has
dynamical exponent v = 2. The solution has non-zero NS and RR internal fluxes and the
characteristic rotation-like components of the metric generated by the null Melvin twist.

A further generalization of the solution presented in this section is possible. One can
take the most general Lunin-Maldacena solution with three deformation parameters [41, 51]
and apply to it the general three-parameter null Melvin twist from section 2. This will
generate a six-parameter deformation of AdSs x S° and the resulting background should
be invariant under the Schrédinger symmetry.

8 Comments on the dual field theory

Although we have not studied the non-relativistic theories dual to the gravity solutions
constructed above in much detail, we would like to offer some comments.

First of all let us review the large N, gauge theories dual to the gravity solutions before
we apply the null Melvin twist. The A/ = 4 SYM has three adjoint chiral superfields,
denoted by ®;, where I = 1,2,3. It is possible to consider a mass perturbation to the
superpotential of N'=4 SYM of the form

AW ~ m®F + mo®3 . (8.1)

This is a relevant operator and therefore triggers an RG flow.
The case ma = 0 (or m; = 0) was studied by Leigh and Strassler in [30] who showed
that after integrating the massive chiral superfield the theory flows to an IR fixed point with
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N =1 supersymmetry and SU(2) x U(1)p global symmetry. The type IIB gravity dual of
this RG flow was constructed in [34] and we applied the null Melvin twist to it in section 4.

The more general case when both mq and ms are non-zero and equal to each other an
N = 2* supersymmetric RG flow with SU(2)r x U(1) global symmetry is triggered. The
theory flows to the Coulomb branch and does not have a fixed point in the IR [52]. The
gravity solution dual to this mass deformation was found in [36] and we discussed its null
Melvin twist in section 6.

In the most general case, one can consider turning on masses for all three chiral super-
fields. This theory has N’ = 1 supersymmetry and again undergoes an RG flow resulting
in a very rich structure in the IR [53]. However its exact ten-dimensional gravity dual is
not known so we cannot apply the null Melvin twist to it.'!

N = 4 SYM has also a particular set of marginal deformations parametrized by a
complex parameter 3 and therefore known as the -deformations [30]. In this case, the
superpotential of N'=4 SYM is modified in the following way

W~ Tr(®[Bg, @3])  — Wy~ Tr(e™d, 0903 — e ™0 030,) . (8.2)

The field theories described by this superpotential are conformal and have AN/ = 1 super-
symmetry. Their gravity duals were constructed in [31] by a procedure very similar to
the null Melvin twist. One starts with AdSs x S® and performs an S-duality followed by
a TsT transformation on two isometry directions in the internal manifold and then one
more S-duality. This construction can be easily extended to the non-extremal D3 brane
solution [50] which corresponds to turning on temperature in the dual field theory. We
discussed the non-relativistic version of the Lunin-Maldacena solution in section 7.

Finally let us comment on the relativistic field theory dual the family of RG flows and
fixed points discussed in section 5. We begin with Zy quiver gauge theory with an SU(N) x
SU(N) gauge group, two hypermultiplets (A1, By) and (B, A2) and a pair of adjoint chiral
superfields (@1, ®2) [38, 54]. The theory is conformal and has N' = 2 supersymmetry. It
can be deformed by the following mass term

AW ~ m®F + mo®3 . (8.3)

In the infrared one can integrate this mass term and find a family of AV = 1 conformal fixed
points parametrized by the ratio mj/ms. Since the m;’s are in general complex numbers
this is actually a CP! worth of conformal IR fixed points [55]. The explicit gravity duals
of this family of fixed points are known, for m; = mo one gets the Pilch-Warner fixed
point [34] and for m; = —my one finds the Klebanov-Witten fixed point (see figure 1). The
gravity solutions for an arbitrary value of m;j/ms interpolating between these two fixed
points were constructed in [39] (see also [56]).

By performing the null Melvin twist we introduce a particular deformation of the type
IIB background which is proportional to the real parameter n. When we put n = 0 in our
gravity solutions we recover the Discrete Light-Cone Quantization (DLCQ) of the original
solutions (without the null Melvin twist) along the compact light-like direction v ~ (t —y).

"inearized solutions of type IIB were found in [53].
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KW PwW

Figure 1. The massive RG flow from a Zs orbifold of N'= 4 SYM in the UV to the KW and PW
fixed points in the IR. The horizontal (red) line represents a family of IR fixed points interpolating
between the KW and PW solutions. The solid lines indicate that the supergravity solutions are
known (at least numerically). The structure of this RG flows and the family of fixed points is the
same after the null Melvin twist, in particular there is a line of fixed point solutions with Schrodinger
symmetry.

The DLCQ amounts to requiring all fields to be invariant under translations along the
light-like direction v. The way to include the deformation introduced by the null Melvin
twist was discussed in [10, 57]. One simply has to twist the momentum generator .J, by
the momentum generator along the isometry direction used for the null Melvin twist!?

Jy=Jy —nJy . (8.4)

So the deformed DLCQ that we have to perform for n # 0 amounts to requiring all fields
to be invariant under shifts generated by .J,. As noted in [10], .J, is not light-like for 7 # 0,
therefore one technically has a DLCQ only from the point of view of the boundary field
theory. Although our gravity solutions look quite messy the discussion above apply to all
of them which have the Schrodinger symmetry.

The meaning of this deformed DLCQ in the dual field theory is well understood [10, 57].
One has to perform a deformed DLCQ with the twisted generator J, on the undeformed
theory dual to the gravity solution before the null Melvin twist, now Jy has to be substituted
with its dual R-symmetry generator. The momenta in the v direction of all fields get shifted
by a certain amount proportional to n'?

N
P, = : 8.5
R +1Q (8.5)

where N is an integer, @ is the R-charge of the field under the U(1) R-symmetry that we
use for the null Melvin twist and R, is the radius of the compact v direction, v ~ v+ 27 R,,.

2For the general Melvin twist of section 2 we have jv =J, — Z§:1 Nidp,
3

N
13For the general null Melvin twist we have to modify this to P, = R + E 17:Qi, where @Q; are the
v i=1

R-charges under U(1),,.
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Alternatively, one can think of the field theory dual to the gravitational solution af-
ter the null Melvin twist as a theory in which the products of fields get modified in the
following way!'4

U0y — Uy x Ty = 2T QLI (8.6)

where P! is the momentum of the field ¥; along v and QY% is its R-charge along the U(1)
direction used for the null Melvin twist.

We can conclude that the field theory duals of the gravity solutions that we obtained
via the null Melvin twist can be obtained by applying the deformed DLCQ procedure
described above to the field theory dual to the gravity solution before the null Melvin
twist. In particular the solution discussed in section 4 is dual to the deformed DLCQ of
a mass deformation of N' =4 SYM where one gives mass to one of the chiral superfields.
We find that the gravity dual suggests, much like its parent relativistic theory, that the
non-relativistic theory flows to an IR fixed point after the massive field is integrated out,
at this fixed point the field theory has dynamical exponent v = 2 and is invariant under
the Schrodinger symmetry. The solution in section 7 is dual to a deformed DLCQ of the
[-deformation of NV =4 SYM discussed in [30, 31], the non-relativistic field theory is again
Schrédinger invariant. The solution of section 6 is a bit more subtle since it does not
flow to an IR fixed point. One can think of it in the following way - perform a deformed
DLCQ of ' = 4 SYM and then give equal masses to two of the chiral superfields. The
theory undergoes an RG flow similar to the RG flow of its parent relativistic theory, there
is no IR fixed point and the theory flows to a Coulomb branch. Finally the solutions in
section 5 should be dual to a family of non-relativistic IR fixed points with Schrédinger
symmetry, which can be obtained by a mass deformation of the deformed DLCQ of the
N = 2 quiver gauge theory obtained by a Zsy orbifold of N'= 4 SYM. Note that in all cases
we considered we have at least U(1) R-symmetry and we used exactly the corresponding
isometry direction in the internal manifold for the null Melvin twist. However in all cases
the U(1) R-symmetry is a different U(1) subgroup of the SO(6) R-symmetry of N' = 4
SYM which will lead to a different definition of the star product (8.6). Note also that since
we are discussing supergravity solutions, strictly speaking, they should be considered as
duals to field theories at large IN..

Let us also comment on the meaning of the parameter 7. As pointed out in refs. [8, 10],
the particle number density in the non-relativistic field theory is proportional to some power
of n/R,. However for the extremal gravity solutions (i.e. 7' = 0) this parameter can be set

Ly. Since the RG flow solutions considered here are

to unity by rescaling u — nu, v — n~
only known for 1" = 0 we can remove the dependence of the metric on 7, however we chose
to keep n explicit to emphasize that it has a physical meaning and cannot be removed
at finite temperature. We found the finite temperature non-relativistic Lunin-Maldacena
solution and thus the dual field theory has two important parameters: the temperature T'
and the particle number density which is related to 7. It will be interesting to study the

thermodynamics of this theory and see if the marginal deformation parameter 3 affects

MThese theories are called dipole theories and the modified product is called a star product, see [57-59]
for a more detailed discussion of this kind of field theories and their gravity duals.
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any of the interesting thermodynamical quantities. For this finite temperature solution we
can of course take the limit n — 0,7 = fixed which will lead to the trivial case of zero
particle number density in the dual field theory.

9 Conclusions

In this note we found the non-relativistic generalizations of some known gravity solutions
which are dual to RG flows and marginal deformations of N' = 4 SYM. We found that when
the original type IIB background dual to the relativistic theory has an AdSjs fixed point the
non-relativistic geometry obtained after the null Melvin twist has the Schrédinger symme-
try. This is quite a generic feature and it should persist for other AdS compactifications
with internal U(1) isometries to which one can apply the null Melvin twist.

Another general feature of all backgrounds that we discussed is the existence of RR and
NS internal fluxes. In particular after the null Melvin twist the internal NS flux translates
into off-diagonal, rotation-like, terms in the metric. More generally it will be interesting
to understand if there is a consistent truncation of Schrodinger invariant ten dimensional
IIB backgrounds with internal fluxes to five dimensions and if one can realize holographic
RG flows directly in the five-dimensional gravitational theory.

It will be also quite interesting to look at the Polchinski-Strassler solution [53] and
see how much of its rich structure is present in its non-relativistic version. The exact
gravity solution dual to this theory is not known so one cannot straightforwardly apply
the null Melvin twist. There are certainly other known solutions of type IIB and eleven-
dimensional supergravity which are dual to RG flows of relativistic gauge theories [46, 60].
It will be interesting to find their non-relativistic generalizations and understand the dual
field theories. In particular the eleven-dimensional solution of [46] realizes a holographic
RG flow between AdSs x ST in the UV and an AdS, compactification with fluxes in the
IR, which is the eleven-dimensional analog of the solution in [34]. It should be possible to
find the non-relativistic version of this solution which should be dual to a non-relativistic
conformal field theory in 1 4+ 1 dimensions.

Since one of the goals of extending gauge/gravity duality to non-relativistic field theo-
ries is to be able to gain some understanding of these theories at strong coupling and finite
temperature, it will be quite interesting to construct the finite temperature cousins of the
non-relativistic RG flows that were discussed here.'> This will be a rather non-trivial task
and maybe one has to look for approximate solutions and extract the interesting physics
from them.

The general null Melvin twist discussed in section 2 relies on the U(1) x U(1) x U(1)
subgroup of the SO(6) isometry group of S°. One can use this to generate a large class
of non-relativistic type IIB backgrounds by applying the null Melvin twist to solutions of
the form AdSs x LP%" where LP'%" are the five-dimensional Sasaki-Einstein manifolds con-
structed in [61]. These manifolds have U(1) x U(1) x U(1) isometry and are a generalization
of the YP? Sasaki-Einstein manifolds found in [62]. For generic values of (n1,m2,m3) we
expect that these non-relativistic solutions will break supersymmetry completely, but there
might be special choices of (n1,72,73) for which some Killing spinors are preserved [42].

5See [40] for some work on the ' = 2* PW RG flow at finite temperature.
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This note can be considered as a modest first step in constructing holographic du-
als of non-relativistic CF'T’s deformed by relevant or marginal operators, however it can
be a hint for the construction of a more general ansatz for other gravity solutions dual
to non-relativistic CFT’s. These may include solutions with different amounts of super-
symmetry [42], as well as solutions with different dynamical exponents and brane wave
deformations [15]. We hope to return to some of these problems in the near future.
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A Null Melvin twist of the Pilch-Warner flow

Here we present in detail the null Melvin twist of the N' =1 PW RG flow solution. It is
convenient to rewrite the solution in a more compact form. The metric is (we put y = z3)

L2Q)?
p? cosh? x
+fi dof + fo dag + f3 dad + fi d¢® + 2f5 dasdag + 2fs dazdg + 2f7 dasdg.

ds?y = Q2P (—dt* + dy® + da? + da) + Q2dr? + d6? (A1)

The NS and RR two-form potentials are

B(g) = by do ANday + by dag A daq + bg dag A dag + by dO N das 4+ bs dO N dog

+bg dop A das + by dag A das . (A2)
C(g) = c¢1 dp Ndaq + co dag A daq + ¢3 dag A doqg + ¢4 dO A dag + ¢5 dO A dorg
+ce dp N\ doag + +c7 das A dag . (A3)

Where we have defined

L?p? cos® 0
fi="or 1

202 cos2 6 4 cost 0 in20 cos2 0 1 - 8 2
fo = p~cos sin? o + L?Q? cos® o p_cos —i—Sm o8 <1— Xp cos26?>

02 4 X2 4 4p2 cosh? x

4 4 2 2 _ 6 2
Iy = 1207 [p_cos 9+Sln 6 cos 9(1_1Xp 00826?> ] 7 (A)

X2 4 4p? cosh? x 1

L2902 3 222 31—/ 3 ?
fi= X2p (1 —3 cos? 9> + P oolZ sin” f cos? 0 <§ + X'O (1 — = cos? 9>> ,
1 p? cosh” x 1
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f5 = facosaq,

L2Q?p* cos? 0 3
fo = 2p o8 1— =cos?6
X5 2 2

L20? sin*fcos?0 [, 1—pP 3, 1=/ L
_ 5 Sin b cos <1 — P cos? 9) (— + p (Sim2 0 — = cos® 9>> )
p? cosh” x 2 X 2 X :

fr = fecosay,

and
L? 3 1—p8 3
by = Ztanhxcos298in9(:osa3 <§ + le (1 —3 cos? 9>> ,
L? 1—pb 1
by = T tanh y cos? 6 sin 0 cos as ( 2X[1) cos® 0 — 5) , bs = by cos aq , (A.5)
2 2
by = I tanh x cos 0 cos ag sin o bs = T tanh x cos 0 sin a3 ,
bg = by tan azsin aq b7 = by tan g sin a
and
1 1
c1 = —bg — = —by tanag, co = —by — = —by tan ag,
sin ag sin ag
c3 = —by cota; = —b3 tan g, cy = —by tanag, (A.6)
1
c5 = —by — = bs cot ag, cg = by sinag =bgcotag, c7 = by sinag = bycot ag.
sin aq

Now we are ready to the apply the five steps of the null Melvin twist.
Step 1. Perform a boost in the (¢,y) plane with a parameter
t —ct — sy, y — —st +cy, (A.7)

where

¢ = coshy, s = sinh (A.8)

note that ¢ — s> = 1. The whole background is invariant under this boost so nothing is
changed.

Step 2. Perform T-duality along y. To avoid clutter we will not show the explicit changes
in the RR-forms at each steps, but present the final result.

At this step the B-field is invariant under this T-duality, the only changes are in the
metric and the dilaton which take the form

1 L2Q)?
2 2 2 2A 2 2 2 2 2 2
+f1 do? + fo dod + f3 dai + fi do® + 2f5 dasdas + 2fs dasdd + 2f7 dagdd,
d = — log(e?). (A.10)
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Step 3. Perform a shift ¢ — ¢ + ay. The dilaton is invariant under this shift, but the
metric and the B-field change to

1
dg%o = (W + a2f4> dy? + 2afidyde + 2afedydas + 2afrdydas

L20?
+Q22A(—dt? + dx? + dx2) + Q%dr? + 272)((192 + f1 do? + fo da?

p? cosh
+f3 da3 + f1dd? + 2f5 dasdas + 2fs dazdd + 2fr dasd, (A.11)
B(Q) = aby dy A daq + abg dy N dag + by dop A daq + by dag A daq + by dag A dog
+by dO A das + bs dO A dog + bg do N dag + by dag A das . (A12)

Step 4. Perform one more T-duality along y. All NS fields change (not all components
change though) under this transformation and the end result is

ds?y = hidy? — 2abyhidydoy — 2abghydyday + Q2e*A (—dt? + dz? + dz3) + Q%dr?
L?Q?

+
2

COSh2Xd62+(f1 +a*bihy) dof+(fa + a?(0F — f7)h1) das +(fs — a® f§ha) daj

f4 2 2 2
——————57 2 2(fs —

2f6 2f7
+1 ¥ 02,0224 dagde + 1+ a2f,02e2A

By = afshy dp N dy + afzhy daz Ady + afehi dag A dy + (by — a’hiby fy) do A dag
+(by — a?hyb1 f) daz A dag + (bs — a*hiby fr) dag A dag + by dO A das
+bs dO A dory + (bg — a’hibgfy) do A doo + (br — a’hibsfe) das A dasy . (A.14)
® = & —log (1+ a2f4§2262A) , (A.15)

doodg, (A.13)

where we have defined

2,24
hy = Hciifﬁ , (A.16)
Step 5. Perform one more boost in the (¢,y) plane with a parameter —v
t—ct+ sy, y— st+cy, (A.17)
then take the following limit
a—0, Yo — 00, as=ac=m. (A.18)

The final form of the metric is

ds?y = — f4Q%A A n(dt + dy)]? — Q2e*A(dt — dy)(dt + dy) — 2b1Q%e*[n(dt + dy)]dy
L20)?
—2b6002e2A [n(dt + dy)]ders + Q%2 (da? + da?) + Q%dr? + mcw? + f1 do?

+fo dad + f3 do3 + fy d¢? + 2f5 dasdas + 2fs dosdg + 2f7 doode . (A.19)
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The B-field and the dilaton are

By = [1Q2*de A n(dt + dy)] + fzQ%e* das A [n(dt + dy)] + f6e*Adas A [n(dt + dy))
+by dp A day + by dasg A daq + bg das A dag + by dO A das 4+ bs dO A deoy
+bg dop A das + by dag N das
d =& —log (1+ a2f4§2262A) — P (A.20)

Note that the metric on the compact manifold is the same after the Melvin twist. Note also
that there are off-diagonal metric coefficients gy, and gy, where u = (t+y). These metric
coefficients vanish at the UV fixed point because by ~ bg ~ sinh y and y = 0. However at
the IR fixed point the off-diagonal metric coefficients are not vanishing.

In the RR-sector, G(3) = dC|9) remains invariant, but F{5) changes under the Melvin
twist procedure. Here we present the final form of the five-form flux

ﬁ@ = (14 %)[dz® A dx A da® A dy A (w,(r,0)dr + wg(r, 0)d)
+ (%) du A (fadd + fodas + frdaz) A Gz . (A.21)
B Family of fixed points

This appendix is devoted to a short review of the solution found in [39]. The metric is
(note that the o; in [39] are the same as our o;)

ds?y = Q%A (—dt? + dy? + dz? + dad) + Q2dr® + fsdb® + f1 da? + 2fy doydo
+f2 da% + fg da% + f4 d¢2 + 2f5 daodag + 2f6 dasdo + 2f7 daodg . (B.l)

The NS and RR two-form potentials are

Bgy = by dp Aday + by daz A daq + by das A day + by dO A das + bs df A doy

‘HS@ do N das + 87 dag A das (B.Q)
C(Q) = ¢ dp Ndaq + ¢ dag A daq + é3 dag N\ daq + ¢4 dO A dag + ¢5 dO A doy
+¢¢ dop N dag 4+ +¢7 das A dag . (B.3)

There is also a non-trivial dilaton, ®(#), for the family of fixed points. It vanishes at the
PW and KW fixed points. Above we have defined

fi = L2042 cos? a3 + AZsin? a3),

fo = L2072 [(A% sin? az 4+ A3 cos® az) sin® o + A3 cos? o],

fa = LigQ 243, fa=LIgQ2(A3 + A3BY), fs=fscosar, (B.4)
fo = LIpQ?A3By, fr=focosay,
fs = L2p072A2, fo=L202(A2 — A2)sinas cos agsinag , (B.5)
N 1
0% = —§A3A4A57,,

2 (A1 A9)
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where ’ denotes taking derivative with respect to 6 and

by = —L%RFQ cosaz, by = —L%RFl cosaz, bg=bycosay, by= L%RFg cos ag sin agq
bs = —L%RFg sinas, bg=bjtanassinay, by =bytanassinay . (B.6)
Also
1= —L%RHQ sin azg , 62:—L%RHlsinoz3, €3 =_Coc0s01] , 64:—L%RH3 sin ag sin
G5 = —L%RH;», cosaz, Cg=—Cicotagsinay, ¢7=27cocotassinay . (B.7)

The functions A; and By depend only ont § and are defined in [39]. We have introduced six
new functions of § — F; and H;. They are related to the functions used in [39] as follows.
The three-from fluxes in [39] are

Hy = dBgy= (g1 +94)% o1 AasAdf + Ag;l‘* [(g1+94)A3B1 — (g2+g5)As] 01 AdpAd
+(—i93+196)% o2 No3Ndp, (B.8)
G3)=dCg :(94—91)% o2 NogA\df + A5?4 [(94—g1)A3B1 — (95— 92) As] o2 Adp A\ dO
+(_i93_i96)% o1AozN\dg. (B.9)

One can show that these fluxes come from the following potentials

Bgy = F1(0) o1 Nos + Fa(0)oy Ade + F3(0)oa A db, (B.10)
Cla) = Hi(0) o2 Aoz + Ha(0)og A dp + Hz(0)o1 A db, (B.11)
if the following identities hold (here ' = d% )
A1 A3A AlA
F{—F3 = (91 + 94)7102 = = % [(91 + 94)AsB1 — (g2 + g5)As] , (B.12)
. . (A A3A
Fy = (—igs +296)72§2§ 2
AgA3A AsA
H|+ H3 = (g4 — 91)7202 2, 5= é34 (94 — g1)A3B1 — (95 — g2)A5] , (B.13)
. . JA1A3A
Hy = (igs +Zg6)71§2§ .

There is also the usual self-dual five-form flux

Fis) = fodt Ada' Ada® Ady A dr
—|-f0§2710 (A1A2A3A4A5) o1 N\Nog N\ (0’3 + Bido + Bgde) ANdONdo. (B14)
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C Lunin-Maldacena at finite temperature

Here we will review the finite temperature Lunin-Maldacena solution [31] found in [50].
The metric is
7’4 ,,«4 -1 d’l“2
ds? = HY/2L? [—r2 (1 - T—Z> dt* + r?(dai + doj + dy?) + (1 — T—Z) —

3

+H'/2L? [Z(du? +Gpide?) + GBI L pius 3 (der + dios + dso3)2] . (C)
i=1

The NS and RR fields in the deformed solution are (we have set the dilaton in the unde-
formed AdS5 x S° solution to zero)

Bgy = 1GB; — 0 As, e*® = gH2. (C.2)
Coy =H'Q, Clo) = —7A2 — 0GB, . (C.3)
Clay = As —7’GBy N Ay + %WAQ ANAz,  C) =By ACyy. (C.4)
Where
B =n~—io, Q = L'vo(uips + pini + pap3),  (C5)
G ! H =1+ L'o*(uius + pipd + pap3).  (C.6)

L LABP (i + pind + p3pE)
And we have defined the forms [50]

2,2
Ay = L (uades — pidps),  Bi=L7 —ﬂ?dtpﬁﬂgiﬁz (depa+dps) | (C.7)
2 3
Ay =CiA(dp1+dpa+des), By=L*(pfpsder A dpa+piuides A doy+pspzdes A dps)
(C.8)
4

.A4:L4rzdt/\dm1 Adao A dy+Cr A dpr A dps A dps , (C.9)

where
dCy = L*sin® 0 cos ¥sin € cos € do) A dE. (C.10)

To facilitate the null Melvin twist we will need the explicit form for the B-field

By = 7GL? [1ip3der A dea + i p3deps A dpy + piapadps A dips]
—oL*(wy df 4wy d€) A (dpy + dpa + ds), (C.11)

where w; are defined as
C1 = LY wi (9, €) di 4w (9, €) dE) . (C.12)

Now make a coordinate change to the Hopf fiber coordinates

Qaq Qg + Qo

a3 — Qg
"9::“’ 52_’ 801:7/), @2:7!)_{' 2 )

w3 =1+ , (C.13)
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where «; are the angles in the three SU(2) left invariant one forms (2.11). The metric

becomes

2 Ti 2 2/ 1.2 2 2 Ti “ar?

T T

ds% = HY2L2

+fodp® 4 flda? + fodas + fidai + fidy? + 2fidasdas + 2fidipdas + 2 frdipdos.
The B-field is
Bigy = bodip A dp + bydyp A day + bydep A devg + bydyp A decs

+blydp A dag + bsdoy A das + bgdag A das. (C.15)
The dilaton is 1
¢ = In(GH?), (C.16)
where we have defined
.2
1 12941/2 1 p2qql/2 S M
fO H ) fl H 4 )
.92 i 02
sin® sin®
= L2r2g S i = g (S P L )
Wi 2 .
r— I2HY2G (14 91812 L4 u2 2 12 I p2ql/2g S HCOS A
f4 HY2G ( + 91| M1M2M3) ) f5 HYG 1 ;
.2 .2
f§ = L*HY%g (% +3wr2L4M%u§u§) L fp= PG (C.17)
and
/ 4 ;3 4 / afl oo 1 55 2 2
bp=30L w, by = §UL wy, by =9GL QM2 TSI = HaH ,(C.18)
1 1 1
Vy=nGL Spi(us —p3), Vy=—oLlwy, by=—coLllwy, bs=GL" Sp5p3.
D Hopf fiber of S°
The standard metric on the unit radius S° is
3
dsgs = Z (duz2 + ,u?dap?) = d¥* + cos? Vdp? + sin® 9 (d&? + cos? Edps + sin? €dp3), (D.1)
i=1
where we have defined
11 = cosv, 1o = sin cos &, i3 = sin ¥ sin . (D.2)

After the coordinate change (C.13) the metric on S° is written as a Hopf fiber over CP?

102 ) 2
sin sin
dsgs = dSéPQ + (dyp + A)? = dp® + 1 a (0% + 03 4 cos® ag) + <dw + 5 o 03> ,
(D.3)
where o; are defined in (2.11). Note that the Kahler form on CP? is
1 1 1 in?
J:§dA:§ sin,ucos,ud,u/\ag%-zal/\@, with A:SH;’uag. (D.4)
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E T-duality rules

Here we summarize the T-duality transformation rules for type II theories with non-zero
RR-flux [63, 64]. We assume that the T-duality is performed along the y-direction.
The NS fields transform under this according to

- 1 - B ~ JayGyb + BayByy
Jyy = — Gay = ay7 9ab = Gab — ey L y7
Gyy Gyy Gyy
~ ~ B B
Bay = Jay Bup = By — T80 + Paydyd ) (E.1)
Gyy Jyy
~ 1
b= - iloggyy .
The RR fields transform as
- o, Jlely
C,L([.L.?uay - C}(l,njl}lv) - (n - 1)% )
yy
c VU p g
() (nt) (n—1) [p..v|y ey I1Bly
CM...VOé/B - Yp..vaBy + nC[u...VaBmy + TL(TL B 1) Gyy : (E2)
It is also useful to write down the T-duality rules for the RR-fluxes
(n—1)
~ _ Iyl E iy i 1]
1 K2 fin—1]Yy
F;Syll.)..unfly = F;Syll...u)nfl + (TL - 1)(_1)n = - )
yy
B g F(nfl)
- _ 1 (n—1) ylur In2lyl ™ s pnly
th?)un = F;E?+u)rly - n(—l)"By[mF“Zm#n] —n(n—1) . (E3)

Iyy
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